By using the theory of complex differential equations, the purpose of this paper is to investigate a conjecture of Brück concerning an entire function f and its differential polynomial L(f ) = a k (z)f (k) + · · · + a 0 (z)f sharing a function α(z) and a constant β. We also study the problem on entire function and its difference polynomials sharing a function. MSC: 39A50; 30D35
Introduction and main results
Let f be a nonconstant meromorphic function in the whole complex plane C. We shall use the following standard notations of the value distribution theory: . In addition, we will use the notation σ (f ) to denote the order of meromorphic function f (z), and τ (f ) to denote the type of an entire function f (z) with  < σ (f ) = σ < +∞, which are defined to be (see [] )
We use σ  (f ) to denote the hyper-order of f (z), σ  (f ) is defined to be (see [] ) 
for some nonzero constant c.
In , Gundersen and Yang [] proved that Brück's conjecture holds for entire functions of finite order and obtained the following result. The shared value problems relative to a meromorphic function f and its derivative f (k) have been a more widely studied subtopic of the uniqueness theory of entire and meromorphic functions in the field of complex analysis (see [-] 
where a k (z) ( ≡ ), . . . , a  (z) are polynomials? The main purpose of this article is to study the above questions and obtain the following theorems.
Theorem . Let f (z) and α(z) be two nonconstant entire functions and satisfy
for some nonzero constant c. http://www.advancesindifferenceequations.com/content/2014/1/274
Theorem . Let f (z) be a nonconstant transcendental entire function with
σ  (f ) < ∞, let σ  (f ) be not an integer,
and let L(f ) be stated as in (). If f and L(f ) share a nonzero constant a CM and δ(
Recently, some papers have studied In this paper, we further investigate Brück's conjecture related to entire function and its difference polynomial and obtain the following result.
Theorem . Let f (z) be a nonconstant entire function of finite order
 < σ (f ) < ∞, L  (f ) be difference polynomial of f of the form L  f (z) = f (z + η k ) + f (z + η k- ) + · · · + f (z + η  ), where η k , η k- , . . . , η  are nonzero complex numbers. If L  (f (z)) = cf (z) and ξ ( = ) is a Borel exceptional value of f (z), then L  (f ) = kf (z).
Some lemmas
To prove our theorems, we will require some lemmas as follows. 
Lemma . [] Let f (z) be a transcendental entire function, ν(r, f ) be the central index of f (z). Then there exists a set E ⊂ (, +∞) with finite logarithmic measure, we choose z satisfying |z|
and sufficiently large r n ,
. http://www.advancesindifferenceequations.com/content/2014/1/274
for every ε > , there exists r  >  such that for all r = |z| > r  the inequalities 
Lemma . Let f (z) and A(z) be two entire functions with
From the definition of type of entire function, for any sufficiently small ε > , we have
By () and (), set κ = β -τ (A) -ε, for all r ∈ E, we have 3 The proof of Theorem 1.4
Since f (z) is an entire function, and f (z) and
Next, we will claim that γ (z) is a constant. Suppose that γ (z) is transcendental. It follows that σ (e γ (z) ) = ∞. However, since  < σ (f ) = σ (α) < ∞, it follows from the left-hand side of () that σ (
) < ∞, a contradiction. Thus, γ (z) is not transcendental.
Suppose that γ (z) is a nonconstant polynomial, let
where b m , . . . , b  are constants and b m = , m ≥ . Thus, it follows from () and Lemma . that 
Thus, it follows that
From Lemma ., there exists {z n = r n e iθ n } such that |f (z n )| = M(r n , f ), θ n ∈ [, π),
where d k-j = deg z a k-j -deg z a k , and sufficiently large r n , we have
Since a j (z), j = , , . . . , k, are polynomials, let a j (z) = 
where 
which is impossible. Thus, γ (z) is not a polynomial. Therefore, γ (z) is a constant, that is, there exists some nonzero constant c such that
Thus, this completes the proof of Theorem ..
The proof of Theorem 1.5
Since L(f ) and f share the constant a CM, then there exists an entire function ϕ(z) such that 
